Deriving Predicate Transformer Semantics for pGCL
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In [McM] Mclver and Morgan have introduced pGCL, an imperative program-
ming language with guarded command incorporating both erratic and prob-
abilistic nondeterminism. For verifying pGCL programs they associate with
every pGCL program P a predicate transformer wp(P) : £(S) — £(S) where
S is a countable set of states and £(S) = [0, 1] ordered pointwise. We show
how to derive Mclver and Morgan’s predicate transformer semantics from a
more intuitive direct semantics associating with every progrem P a function
[P] : S — Pu(V(S)) where Py is the upper (or Smyth) powerdomain and V(S)
the probabilistic powerdomain of S| which for convenience can be identified
with the set of function v : S — [0,1] with Y ¢ pu(s) <1 (of course, for A C S
we define p(A) as > 4 p(s))-

Following a suggestion in [TKP] we define for f : S — Py (V(5) its associated
predicate transformer wp(f) : £(S) — £(S5) as

we(f)(B)(s) = inf 3 B(t) u(t)
“ltes

We show that the function wp : pGCL — [£(S)—&(S)] defined as wp(P) =
wp([P]) satisfies the equations used for defining wp in [McM].

We also discuss the partial correctness case where with every f : S —
Pu(V(S)) and B C S we associate its weakest liberal precondition

wipr(f)(B)(s) = inf p(L)+ Y B(t)-ul(t) = Lnf 1+ ) (1=B(0) - ult)
tesS ses

where pu(L) = 1 -3 _gu(s). We show that the function wlpr : pGCL —
[E(S)—E(S)] defined as wlprP = wlpr([P]) satisfies the defining equations given
in [McM]. Since wlpr : [S — P(V(5))] — £(S) — £(S) is antitonic in its first
argument the weakest liberal precondition for loops is computed by — somewhat
suprsingly - taking greatest fixpoints.
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